Introducing products between multivectors of Cℓ 0,7 (the Clifford algebra over the metric vector space R 0,7 ) and octonions, resulting in an octonion, and leading to the non-associative standard octonionic product in a particular case, we generalize the octonionic X-product, associated with the transformation rules for bosonic and fermionic fields on the tangent bundle over the 7-sphere S 7 , and the XY -product. This generalization is accomplished in the u-and (u, v)-products, where u, v ∈ Cℓ 0,7 are fixed, but arbitrary. Moreover, we extend these original products in order to encompass the most general -non-associative -products (R ⊕ R 0,7 ) × Cℓ 0,7 → R ⊕ R 0,7 , Cℓ 0,7 × (R ⊕ R 0,7 ) → R ⊕ R 0,7 and Cℓ 0,7 × Cℓ 0,7 → R ⊕ R 0,7 . We also present the formalism necessary to construct Clifford algebra-parametrized octonions, which provides the structure to present the O 1,u algebra. Finally we introduce a method to construct O-algebras endowed with the (u, v)-product from Oalgebras endowed with the u-product. These algebras are called O-like algebras and their octonionic units are parametrized by arbitrary Clifford multivectors. When u is restricted to the underlying paravector space R ⊕ R 0,7 ֒→ Cℓ 0,7 of the octonion algebra O, these algebras are shown to be isomorphic. The products between Clifford multivectors and octonions, leading to an octonion, are shown to share graded-associative, supersymmetric properties. We also investigate the generalization of Moufang identities, for each one of the products introduced.
Introduction
product' between multivectors of Cℓ 0,7 is presented, which allows us to construct more general octonion algebras. It is shown that the Moufang identities are not valid for this product. Finally in Section 7 we construct O-like algebras with the octonionic product structure based on the just defined generalized octonionic products.
Preliminaries
Let V be a finite n-dimensional real vector space. We consider the tensor algebra ∞ i=0 T i (V ) from which we restrict our attention to the space Λ(V ) = n k=0 Λ k (V ) of multivectors over V . Λ k (V ) denotes the space of the antisymmetric k-tensors, the k-forms. Given ψ ∈ Λ(V ),ψ denotes the reversion, an algebra antiautomorphism given byψ = (−1)
[k/2] ψ ([k] denotes the integer part of k).ψ denotes the main automorphism or graded involution, given byψ = (−1) k ψ. The conjugation is defined as the reversion followed by the main automorphism. If V is endowed with a non-degenerate, symmetric, bilinear map g : V × V → R, it is possible to extend g to Λ(V ). Given ψ = u 1 ∧ · · · ∧ u k and φ = v 1 ∧ · · · ∧ v l , u i , v j ∈ V , one defines g(ψ, φ) = det(g(u i , v j )) if k = l and g(ψ, φ) = 0 if k = l. Finally, the projection of a multivector ψ = ψ 0 + ψ 1 + · · · + ψ n , ψ k ∈ Λ k (V ), on its p-vector part is given by ψ p = ψ p , while projection in its p and q components is given by ψ p⊕q = ψ p + ψ q . The Clifford product between w ∈ V and ψ ∈ Λ(V ) is given by wψ = w ∧ ψ + w · ψ. The Grassmann algebra (Λ(V ), g) endowed with this product is denoted by Cℓ(V, g) or Cℓ p,q , the Clifford algebra associated with V ≃ R p,q , p + q = n.
Octonions
The octonion algebra O is defined as the paravector space R ⊕ R 0,7 endowed with the product • : (R ⊕ R 0,7 ) × (R ⊕ R 0,7 ) → R ⊕ R 0,7 , denominated octonionic standard product. The identity {e 0 = 1} ∈ R and an orthonormal basis {e a } 7 a=1 , in the underlying paravector space [14, 15] R ⊕ R 0,7 ֒→ Cℓ 0,7 associated with O, generates the octonions. It is well known that the octonionic product can be constructed using the Clifford algebra Cℓ 0,7 as
where ψ = e 1 e 2 e 4 +e 2 e 3 e 5 +e 3 e 4 e 6 +e 4 e 5 e 7 +e 5 e 6 e 1 +e 6 e 7 e 2 +e 7 e 1 e 3 ∈ Λ 3 (R 0,7 ) ֒→ Cℓ 0,7 and the juxtaposition denotes the Clifford product [14] . The idea of introducing the octonionic product from the Clifford one in this context is to present hereon our formalism using solely Clifford algebras. Indeed, as O is isomorphic to R ⊕ R 0,7 as a vector space, the octonionic product fundamentally takes two arbitrary elements of the paravector space R ⊕ R 0,7 -which is itself endowed with the octonionic product -resulting in another element of the paravector space. But looking to octonions inside the Clifford algebra arena we can go beyond the paravector space and exploit the whole Clifford algebra space, which is the way we use to generalize the X-and XY -products.
It is now immediate, from Eq.(1), to verify the usual rules between basis elements under the octonionic product 1 :
where we denote ε All the relations above can be expressed as e a • e a+1 = e a+3 mod 7 . Since we can consider the underlying vector space of O as being R ⊕ R 0,7 ֒→ Cℓ 0,7 , the Clifford conjugation of
The u-product and generalizations
Hereon we suppose that u ∈ Cℓ 0,7 ≡ Cℓ(R 0,7 , g). Given fixed but arbitrary X, Y ∈ R⊕R 0,7
, the X-product is defined [1, 2, 4] by
The XY -product is defined as:
In particular, the (1, X)-product is given by
X is the unit of (1, X)-product above, since A • 1,X X = X • 1,X A = A [1, 4] . We could propose a natural generalization of the X-product, introducing the u-product as:
But if the products Au and u −1 B are to be interpreted as Clifford products, the elements u ∈ Cℓ 0,7 , such that Au and u −1 B are octonions, should be scalars. In this case A• u B ≡ A•B and there would be nothing new to investigate.
In order that Eq.(6) to make sense, all quantities between parenthesis must be octonions, and to avoid the trivial case (where u must be a scalar), we have to define a product between octonions and Clifford multivectors that results in an octonion.
Then, for (homogeneous) multivectors
. . , 7) and A ∈ R ⊕ R 0,7 , we define the product • as
Note that the product • is defined in such a way that, after the octonionic product between A and u 1 is firstly performed, the result is computed via the octonionic product, now, with u 2 . This process lasts up to the last octonionic product with u k . Parentheses in Eq. (7) emphasize the order of performance associated with the -non-associative -octonionic product, and the symbol • remembers us the octonion A enters in the left entry in the product in Eq. (7).
We also define the product • as
Analogously, parentheses in Eq. (8) emphasize the order of performance associated with the octonionic product inside each parenthesis in Eq. (8), and the symbol • remembers us the element A enters in the right entry in the product in Eq.(8).
Remark 1: It is clear that by extending the product in Eq. (7) to the scalars -elements of Λ 0 (R 0,7 ) -we have that A • a = aA, which denotes the trivial multiplication by scalars, where a ∈ R = Λ 0 (R 0,7 ). Therefore now it is possible to extend by linearity the product • to the whole exterior algebra
in such a way that the extended products are now denoted bẏ
• :
Remark 2: In Remark 1 we have extended by linearity the products in Eqs. (7) and (8) 
to the whole exterior algebra Λ(R 0,7 ) in such a way that now u ∈ Λ(R 0,7 ). Therefore, when we restrict u to the paravector space, i.e.,
, then u becomes an octonion, and all the products• ,• , and the usual octonionic product •, are equivalent, since all these products take in this case two elements of the paravector space R ⊕ R 0,7 and maps them to another element of the paravector space, via the usual octonionic product defined by Eq.(1).
By abuse of notation we shall use hereon the symbol • uniquely to denote both productṡ • and• , in Eq. (9) and Eq. (10), and each one of the above-mentioned products are to be clearly implicit, as there exists an octonion in the left or right entry of the product •. Now, after the algebraic pre-requisites have been introduced, given u ∈ Λ(R 0,7 ), the u-product is defined as
It is worthwhile to note that
Example 1: Let us calculate the product e 1 • u e 4 , given u = e 2 e 7 :
We note that e 1 • e 4 = −e 2 too. We can prove, using Eq.(2) and the property
whenever u is a homogeneous Clifford algebra element of unit norm. When u is a paravector -an element of R ⊕ R 0,7 -it is clear that the u-product is equivalent to the X-product.
In analogy to the XY -product and the (1, X)-product, just respectively defined by Eqs. (4) and (5), it is also possible to define another product, the (1, u)-product, as
Finally, Eq.(4) can be generalized, given fixed u, v ∈ Cℓ 0,7 , as:
Example 2: Let us now calculate the product e 1 • u,v e 4 , where u = e 4 e 6 e 7 and v = e 1 e 5 :
5 O-units associated with the (1, u)-product
We enunciate in what follows some results necessary to show that the octonion algebra O is isomorphic to the algebra O 1,u ≡ (R ⊕ R 0,7 , • 1,u ). Lemmata 1, 2, 3, 4 and 5 are demonstrated by performing all the possible combinations of {e a } 7 a=1 and then extending this process by linearity to the whole Cℓ 0,7 . It is implicit that u ∈ Cℓ 0,7 is not a scalar, since in this case there would be nothing to prove. In what follows A, B, C ∈ O. The next Lemma concerns the graded-associativity of the •-product.
. These results can be expressed as
Moreover, the relations
holds for all u ∈ Cℓ 0,7 . •û, from where it can be seen that we can correctly denominate this property as 'graded-associativity'.
Lemma 2:
The elements u ∈ Cℓ 0,7 satisfy
In the particular case where u = e a e b e c e d e f e g ∈ Λ 6 (R 0,7 ) and A = e h , where none of the subindices equals each other, the identity u • A = −1 = A • u holds.
Lemma 4:
The elements u ∈ Cℓ 0,7 satisfy the relation
Lemma 5: Given u ∈ Cℓ 0,7 it follows that
The lemmata above allow to generalize the O-product, also including 'octonionic products' between octonions and multivectors of Cℓ 0,7 . These lemmata provide the formal pre-requisite to construct the multiplicative table of the Clifford algebra-dependent units {E A } 7 A=1 , defined by
Doing the explicit verification on each one of the octonions defined by Eqs.(19), and subsequently extending by linearity in Cℓ 0,7 , it follows the Lemma 6: The elements E a anticommute under the (1, u)-product, i.e,
Proof: When {a, b} = {1, 2, 3, 5}, we see that
The other cases, when {a, b} = {4, 6, 7}, are analogously demonstrated.
The multiplication table of {E a } is inherited from table (3). We express the table describing the (1, u)-product of the octonions E A :
We also have
Remark 4: The Moufang identities [4, 16] (
A, B, C ∈ O can be immediately generalized for the (1, u)-product, using table (5), as
In the case of the productṡ
it can be shown that uniquely using the Clifford conjugation and the graded involution it is not possible to get some kind of Moufang identities. The following counterexamples show why it is not possible.
Example 3: One of the Moufang identities for octonions is expressed as
Suppose that an immediate generalization for such an identity is the expression
• u, or the product given by Eq.(36), for any combination of the graded involution and/or Clifford conjugation acting on u. In order to the expressions become more clear, we denote Eq. (36) as
since the product • between paravectors -elements of R ⊕ R 0,7 -is equal ot the product •. Let u = e 6 e 7 e 1 e 3 , A = e 2 and B = e 5 . On the one hand, (e 6 e 7 e 1 e 3 • e 2 ) • (e 5 • e 6 e 7 e 1 e 3 ) = −e 4 ,
and e 6 e 7 e 1 e 3 • (e 2 • e 5 ) • e 6 e 7 e 1 e 3 = −e 4 .
On the other hand, if we take u = e 1 e 2 e 3 e 6 , A = e 4 and B = e 7 , we have that:
(e 1 e 2 e 3 e 6 • e 4 ) • (e 7 • e 1 e 2 e 3 e 6 ) = e 6 ,
while e 1 e 2 e 3 e 6 • (e 4 • e 7 ) • e 1 e 2 e 3 e 6 = −e 6 .
We then realize that for distinct elements u ∈ Λ 4 (R 0 
, uniquely using the Clifford conjugation and the graded involution.
Octonionic product between Clifford multivectors and generalizations

Given vectors {u
, and elements u = u 1 . . . u k , v = v 1 . . . v k ∈ Cℓ 0,7 , we define the "octonionic product" between elements of the Clifford algebra Cℓ 0,7 as
Parentheses in Eq.(42) emphasize the order of performance associated with the non-associative octonionic product. After calculating the product u k • v, the result is computed via the octonionic product with u k−1 , and then successively until the last reminiscent result, which is computed with u 1 through the usual octonionic product. It can be easily seen that, when we restrict elements of Cℓ 0,7 to the paravector space
Example 4: Let us compute the product e 1 e 2 ⊙ e 3 e 4 :
e 1 e 2 ⊙ e 3 e 4 = e 1 • (e 2 • (e 3 e 4 )) = e 1 • (e 5 • e 4 ) = e 1 • (−e 7 ) = e 3 .
We also define the product
It is immediate to see that A ⊙ B = A • B, whenever A, B ∈ R ⊕ R 0,7 , since we have just seen that A • B = A • B, by Eqs.(??).
It is now immediate to see that the Moufang identities (26, 27, 28, 29) are not valid to the products ⊙ and ⊙ .
Example 5: Let us see whether the Moufang identity given by Eq.(26) can be generalized to the ⊙ product. On the one hand let us compute the product e 7 e 3 ⊙ (e 5 e 4 ⊙ e 1 e 6 ) ⊙ e 7 e 3 : e 7 e 3 ⊙ (e 5 e 4 ⊙ e 1 e 6 ) ⊙ e 7 e 3 = e 7 e 3 ⊙ (e 5 • (e 4 • e 1 e 6 )) ⊙ e 7 e 3 = e 7 e 3 ⊙ (e 5 • (e 2 • e 6 )) ⊙ e 7 e 3 = e 7 e 3 ⊙ (e 5 • e 7 ) ⊙ e 7 e 3 = e 7 e 3 ⊙ e 4 ⊙ e 7 e 3 = (e 7 • e 6 ) • e 7 e 3 = −e 2 • e 7 e 3 = e 6 • e 3 = e 4 .
On the other hand we have:
(e 7 e 3 ⊙ e 5 e 4 ) ⊙ (e 1 e 6 ⊙ e 7 e 3 ) = (e 7 • (e 2 • e 4 ))
Then a counterexample for the validity of the Moufang identity Eq.(26), for the ⊙ , was exhibited, and similarly it is easy to see that the other identities given by Eqs. (27, 28, 29) are not generalizable too.
Definition (44) allows us to see that the (1, u)-product can also be generalized in order to encompass elements u ∈ Cℓ 0,7 in the first or in the second entry, as follows (by abuse of notation we denote distinct products
by the same symbol • 1,u ):
Hereon we can opt to use ⊙ or ⊙ in the definitions below, and therefore we adopt the symbol ⊙ to denote any one of them. Obviously if one of the two products ⊙ and ⊙ is to be chosen, the respective choice must also be made in all the following definitions. Now we define
It is immediate that by Eq.(47) we have A• 1,u u = A, so the element u is the right unit of the product defined in Eq.(48). Using Lemma 4 and Eq.(47) we can also prove that u • 1,u A = A, so that u is also the left unit related to the product defined in Eq. (48), and we conclude that the unit associated with the (1, u)-product is u ∈ Cℓ 0,7 . The last • 1,u extension, given z ∈ Cℓ 0,7 fixed but arbitrary, is defined by
Given z, t ∈ Cℓ 0,7 , the products given in Section 4 are immediately extended 2 if we define:
Finally the (u, v)-product defined by Eq.(15) can also be extended as:
7 Generalizations and equivalence between O-like algebras
From table (5), we see that O ≃ O 1,u . Now it is shown how, from a copy of O u , we can obtain for instance the algebra O u,C := (R ⊕ R 0,7 , • u,C ), u ∈ Cℓ 0,7 and C is an octonion. The process is accomplished by taking in the algebra O u = (O, • u ), products-(1, v), i.e., given A, B ∈ R ⊕ R 0,7 , we calculate the product:
where we have defined
The algebra O u then originates O u,C .
In an analogous way the algebra O u gives rise to the algebra O B•u , by the
Proof:
If B ∈ R ⊕ R 0,7 is such that BB =BB = 1, i.e., B ∈ S 7 , then Theorem 1 is enunciated as
Concluding Remarks
We generalized the X-and XY -products, introducing the products • u : (R ⊕ R 0,7 ) × (R ⊕ R 0,7 ) → R ⊕ R 0,7 and • u,v : (R ⊕ R 0,7 ) × (R ⊕ R 0,7 ) → R ⊕ R 0,7 , where u, v ∈ Cℓ 0,7 are chosen to be fixed but arbitrary. After the formal definitions we extended these products in order to encompass the products (R ⊕ R 0,7 ) × Cℓ 0,7 → R ⊕ R 0,7 , Cℓ 0,7 × (R ⊕ R 0,7 ) → R ⊕ R 0,7 and Cℓ 0,7 ×Cℓ 0,7 → R⊕R 0,7 . We also furnish the mathematical requirements to introduce Clifford algebra-parametrized octonionic units associated with the (1, u)-product and, consequently, to produce a copy of O, but now endowed with the (1, u)-product. The Moufang identities are immediately obtained for such new octonionic units. Also, the algebra O u and O B•u are shown to be equivalent, since the former originates the latter from iterated u-products. The products • : Cℓ 0,7 × (R ⊕ R 0,7 ) → R ⊕ R 0,7 and • : (R ⊕ R 0,7 ) × Cℓ 0,7 → R ⊕ R 0,7 are gradedassociative, indicating the rise of a supersymmetric structure out of these products. Some more general algebras can be constructed from simpler ones, as the explicit construction given by Eq.(56). Although the products • : Λ(R 0,7 ) × (R ⊕ R 0,7 ) → R ⊕ R 0,7 and • : (R ⊕ R 0,7 ) × Λ(R 0,7 ) → R ⊕ R 0,7 are equivalent, in a sense, to the left and right actions presented in [4] , this new approach allows us to generalize these actions in order to enclose all the products defined in this paper. Moreover, the present approach permits the gradedassociativity shown in Lemma 1 to become transparent, and to use a simpler notation. Finally, by considering octonions inside the Clifford algebra arena we can go beyond the paravector space R ⊕ R 0,7 and approach Clifford algebra Cℓ 0,7 space, which is the most natural formalism we use to generalize the X and XY -products. Explicit applications of the present formalism in some physical theories are to be presented in a forthcoming paper [17] .
